Superconductivity of quark matter is investigated at high density. It is found that the superconducting (BCS) state is stable over a wide range of the quark density and becomes unstable at the critical density 10 < pc < 100 (fm-3 ) due to the asymptotic freedom of QCD. It is suggested that the compressibility is discontinuous across the critical density.
In 1981, Bailin and Love 1) pointed out the possibility of superconductivity in quark matter due to the one-gluon exchange (OGE) interaction. The essential point is that there appears an attractive force between a pair of quarks if they are in the s-wave, color-triplet and spin-parallel state. Their treatment is, however, based on the phenomenological Ginzburg-Landau theory and is limited to quark matter near the critical temperature. In particular their method is not applicable to quark matter at zero-temperature (the ground state). 2) Recently, Iwado and the present author3) proposed a microscopic (BCS) theory of quark matter, which enables us to investigate physical properties of the gro:und state of quark matter. On the other hand, quark matter has not been discovered anywhere, but it may be realized in the cores of neutron (quark) stars, in highenergy heavy ion collisions, and in the early universe. 4) However, the attractive force should be weakened in such higher density situations because of the asymptotic freedom of QCD. It is the purpose of this note to investigate the density-dependence of superconductivity of quark matter by using a running coupling constant. Just as the superconductivity disappears with increasing temperature, it is expected to disappear with increasing quark density.
Let Co< and cl denote the annihilation and creation operators of the quark with the single particle state a = {k, s, i}, where the momentum, the helicity and the color indices are k, s (s = ±1) and i (i = 1,2,3), respectively. In what follows we restrict ourselves to quark matter with a single flavor in order to clarify the physical essence of the problem without unnecessary complexity. Moreover, the density of quark matter is assumed to be sufficiently large that it exists in a deconfining phase. Then the Hamiltonian for the system is given by 5) (1)
where Co< = Jk2 + m 2 is the kinetic energy of the quark, and the second term denotes the OGE potential. It should be noted that our considerations are restricted to higher density, so that the confining potential can be neglected.
After carrying out the BCS-type mean field approximation appearing in Ref. 3) ,
the Hamiltonian is rewritten as (2) where the chemical potential JL has been introduced, and the constant term represents the ground state energy. aa: and al are the annihilation and creation operators of quasi-particles whose energies are given by Ekl = Ek2 = V(fk -JL)2 + 3.1% (degenerate) and Ek3 = Ifk -JLI (gapless). We have three kinds of quasi-particles with the definite momentum k and helicity s. The two quasi-particles have an energy gap L:\k' On the other hand, the remaining quasi-particle is gapless. This results from the fact that the unitary (Bogoliubov) transformation is improper. 6) The energy gap L:\k, which is an order parameter of the superconducting phase, is determined self-consistently. It is given by
where V is the total volume of our system. The value as is the running coupling constant of QeD, whose expression will be given later. The gap equation (3) Fermi gas state (normal phase) and the latter to a superconducting (BeS) state (super phase). It can be shown that if a non-trivial solution exists, the superconducting state is more stable than the Fermi gas state, and it becomes the ground state.
The Fermi momentum of quark matter is so large (kF ex: pl/3) that we should take the running coupling constant for as. The Higashijima-Miransky approximation 7), 8) is used in this paper. This approximation ignores the confinement of quarks but incorporates the asymptotic freedom correctly. The running coupling constant becomes 7) (4) where q == k -[ is the Euclidean momentum transfer. The quantity A is the cutoff parameter of QeD, and the parameter Pc has been introduced to make the coupling constant finite in the infrared limit, q2 ---> O. Their values are taken as A = 0.4 GeY and p~ = 1.5A2 Gey2, which are the same as those in Ref. 7 ) and consistent with the data of low-energy hadron physics. In this paper, we assume that q2 ~ Ik -Wand a separable form of the momentum transfer dependence, 7) for k 2 > l2, for k 2 < l2, (5) where k = Ikl and l = ILion the right-hand side denote the momenta attached to the vertex. It is our main task to calculate the gap equation numerically and discuss the density dependence of the superconductivity of quark matter. Before the calculation, one modification should be made. It is well known that the OGE potential is screened by the many-body effect (Debye screening); 9), 10) the gluon has an effective mass due to the interaction with surrounding quarks. This effect is incorporated effectively by replacing the potential in the gap equation (3) according to
where the screening effect is taken into account by the electric and magnetic gluon masses, which are given by Me = ~O:sJ12 and Mm = 0, respectively. 10) Now let us solve the modified gap equations (3) rv (5) numerically. The solution Ll(k) will be obtained for each value of the Fermi momentum kF (or the quark density). Since our interest is in the possibility of superconductivity, we investigate the behavior of the gap parameter LlF at the Fermi momentum k = kF as a function of the quark density. The result is shown in Fig. 1 . This figure is valid for Fig. 2 . This implies that D < Do, so that the BCS state is stable until p'" 50 (fm -3). Moreover, it is not differentiable at this point, so that the phase transition is of the "second kind". It is also suggested that the compressibility of quark matter exhibits a jump across the transition point. Finally, we comment on the multi-flavor case. There is the possibility of the appearance of new Cooper pairs with different flavors, as discussed in Ref. 1) . This effect will be important if the chemical potential for one flavor is equal to that of another flavor. But our conclusion that the phase transition occurs at some critical density will not be changed, except for a numerical factor, because the asymptotic freedom is valid for any quark pair with different flavors.
In conclusion, we have investigated the superconductivity of quark matter at high density. The superconducting (BCS) state is stable over a wide range of the quark density, due to the very slowly decreasing running coupling constant. This state becomes unstable at very large critical density p",50 (fm-3 ) due to the asymptotic freedom of QCD. It is speculated that the phase transition is of the "second kind", and the compressibility of quark matter exhibits a jump across the critical point. It would also be interesting to investigate the phase diagram of quark matter by taking into account temperature and flavor. 11) The author would like to express his thanks to the members of the Theoretical Physics Group at Kochi University for their interest in this work.
